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Abstract. For simple mechanical systems, bifurcating branches of relative equilibria with trivial 
symmetry from a given set of relative equilibria with toral symmetry are found. Lyapunov stability 
conditions along these branches are given. 



Contents 

^ 2 

2. Lagrangian mechanical svstcmsl 3 

2.1. Lagrangian mechanical systems with symmetry I 3 

2.2. pimple mechanical sys tems) 4 
2J^_SJrn jjk^n]£c^ systems with svmmetrvl 4 
j^^Bfija^^^^^SriaT 5 

3.1. Basic definitions and concepts! 5 

3.2. Relative equilibria in Hamiltonian G-svstemsl 5 

3.3. Relative equilibria in simple mechanical G-svstemsl 6 
4. Some basic results from the theory of Lie group actions! 6 
^ 6 

4.2. Twisted products! 6 

4.3. Slices! 7 

4.4. Type submanifolds and fixed point subspacesl 8 
5^_j^£gtihmgcU^^ potential criterion 8 
^T^_T^^^^m3£U^on^^^bl'crn1 9 

5.2. Splittings! 11 

5.3. The rcscaled equation! 12 

5.4. The Lvapunov-Schmidt procedure! 12 

£LIi^^rhc_liiiTLrea^ 14 

5.6. A simplified version of the amended potential criterion! 17 

^2^^T^^^tu^^^Qw^^x^^^^^£tjp_ns! 19 

5.8. Bifurcating branches of relative equilibria! 22 

6. Stabilit y of the bifurcating branches of relative equilibria! 24 

AcknOTvfedgmcrits! 25 

References! 25 



Date: November 3, 2003. 



1 



2 



PETRE BIRTEA, MIRCEA PUTA, TUDOR S. RATIU, RAZVAN TUDORAN 



1. Introduction 

This paper investigates the problem of symmetry breaking in the context of simple mechanical systems 
with compact symmetry Lie group G. Let T be a maximal torus of G whose Lie algebra is denoted 
by t. Denote by Q the configuration space of the mechanical system. Assume that every infinitesimal 
generator defined by an element of t evaluated at a symmetric configuration q e £ Q whose symmetry 
subgroup G qc lies in T is a relative equilibrium. The goal of this paper is to give sufficient conditions 
capable to insure the existence of points in this set from which branches of relative equilibria with trivial 
symmetry will emerge. Sufficient Lyapunov stability conditions along these branches will be given if 
G = T. The strategy of the method can be roughly described as follows. Denote by t-q e the set of relative 
equilibria described above. Take a regular element /i G g* which happens to be the momentum value of 
some relative equilibrium in t- q e . Choose a one parameter perturbation /3(r, (i) 6 g* of /z that lies in the 
set of regular points of g*, for small values of the parameter r > 0. Consider the G 9e -representation on 
the tangent space T qc Q. Let v q<l be an element in the {e}-stratum of the representation and also in the 
normal space to the tangent space at q e to the orbit G-q e . Assume that its norm is small enough in order 
for Vq B to lie in the open ball centered at the origin 9e G T qc Q where the Riemannian exponential is a 
diffcomorphism. The curve rv qc projects by the exponential map to a curve q e {T~) in a neighborhood of 
q e in Q whose value at r = is q e . Note that the isotropy subgroup at every point on this curve, except 
for r = 0, is trivial. We shall search for relative equilibria in TQ starting at points of t-q e such that their 
base curve in Q equals g e (r) and their momentum values are /3(r, (i). To do this, we shall choose a curve 
£(t, Vq e ,fx) S g uniquely determined by /3(t, //); as will be explained in the course of the construction, 
£(t, w 9e ,^) equals the value of the inverse of the locked inertial tensor on /3(r, /x) for r ^ 0. If one can 
show that the limit of £(r, v qil ,ii) exists and belongs to t for r — > 0, then the infinitesimal generator 
of this value evaluated at q e is automatically a relative equilibrium since it belongs to t • q e . It will 
be also shown that the infinitesimal generators of £(r, v qe ,fi) evaluated at q e {r) are relative equilibria. 
This produces a branch of relative equilibria starting at this specific point in t ■ q e which has trivial 
isotropy for r > and which depends smoothly on the additional parameter /j 6 g*. In this method, 
there are two key technical problems, namely, the existence of the limit of £(r, u 9e , /i) as r — > and the 
extension of the amended potential at points with symmetry. The existence of the limit of £(r, w 9e ,/i) 
as r — > will be shown using the Lyapunov-Schmidt procedure. To extend the amended potential and 
its derivative at points with symmetry, two auxiliary functions obtained by blow-up will be introduced. 
The analysis breaks up in two problems on a space orthogonal to the G-orbit. The present paper can be 
regarded as a sequel to the work of Hernandez and Marsden [§] . The main difference is that one single 
hypothesis from [2] has been retained, namely that all points of t • q e are relative equilibria. We have 
also eliminated a strong nondegeneracy assumption in [jy. But the general principles of the strategy of 
the proof having to do with a regularization of the amended potential at points with symmetry, where it 
is not a priori defined, remains the same. In a future paper we shall further modify this method to deal 
with bifurcating branches of relative equilibria that have a given isotropy, different from the trivial one, 
along the branch. The paper is organized as follows. In we quickly review the necessary material 
on symmetric simple mechanical systems and introduce the notations and conventions for the entire 
paper. Relative equilibria and their characterizations for general symmetric mechanical systems and for 
simple ones in terms of the augmented and amended potentials are recalled in SJ3J Section Ogives a 
brief summary of facts from the theory of proper group actions needed in this paper. After these short 
introductory sections, [JHl presents the main bifurcation result of the paper. The existence of branches 
of relative equilibria starting at certain points in t • q e , depending on several parameters and having 
trivial symmetry off t- q e , is proved in Theorem 15. 171 the main result of this paper. In SJSJ using a result 
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of Patrick J^j) Lyapunov stability conditions for these branches are given if the symmetry group is a 
torus. 



2. LAGRANGIAN MECHANICAL SYSTEMS 

This section summarizes the key facts from the theory of Lagrangian systems with symmetry and 
sets the notations and conventions to be used throughout this paper. The references for this section are 

n, 0, in, d 

2.1. Lagrangian mechanical systems with symmetry. Let Q be a smooth manifold, the configu- 
ration space of a mechanical system. The fiber derivative or Legendre transform FL : TQ — > T*Q 
of L is a vector bundle map covering the identity defined by 



(WL(v q ),w q ) = j t 



L(v q + tWq) 



=0 



for any v q , w q G TQ. The energy of L is defined by E{v q ) = (¥L(v q ), v q ) — L(v q ), v q 6 T q Q. The pull 
back by FL of the canonical one- and two-forms of T*Q give the Lagrangian one and two-forms 
0£ and f^L on TQ respectively, that have thus the expressions 

(e L {v q ),5v q ) = (FL{v q ),T Vq ir Q {Sv q )), v q eT q Q, Sv q eT Vq TQ, n L = -d6 L , 

where ttq : TQ — > Q is the tangent bundle projection. The Lagrangian L is called regular if FL is a local 
diffcomorphism, which is equivalent to f2^ being a symplectic form on TQ. The Lagrangian L is called 
hyperregular if FL is a diffeomorphism and hence a vector bundle isomorphism. The Lagrangian 
vector field Xe of L is uniquely determined by the equality 

fl L {v q )(X E (v q ), w q ) = (dE(v q ),w q ), for v q , w q G T q Q. 

A Lagrangian dynamical system, or simply a Lagrangian system, for L is the dynamical system 
defined by Xe, i.e., v = Xe(v). In standard coordinates (q 1 , q 1 ) the trajectories of Xe are given by the 
second order equations 

d_aL^9L_ 
dt dq l dq 1 

which are the classical the Euler-Lagrange equations. Let $:GxQ^Qbea smooth left Lie group 

action on Q and let L : TQ — > R be a Lagrangian that is invariant under the lifted action of G to TQ. 
Denote by g the Lie algebra of G. From the definition of the fiber derivative it immediately follows that 
FL is equivariant relative to the lifted G-actions to TQ and T*Q. The G-invariance of L implies that 
Xe is G-equivariant, that is, ^*Xe = Xe for any g G G. The G-action on TQ admits a momentum 
map given by 

(J L (Vq),0 = (WL(v q ),t Q (q)), for v q G T q Q, £ G fl. 

where £q(<z) := e?exp(t£) • <7/efa|t = o is the infinitesimal generator of £ G g, where g denotes the Lie 
algebra of G. Recall that the momentum map J : T*Q — > g* on T*Q is given by 

(J(a g ),0 = (a„fo(?)}, for a q eT;Q, £Gg 

and hence = JoFL. We shall denote by g • q := ^(g, g) the action of the element g G G on the point 
q <E Q. Similarly, the lifted actions of G on and T*Q are denoted by 

g ■ v q := T q ty g (v q ) and g ■ a q := T* g * fl -i (a 9 ) 

for g € G, v q G T q Q, and a g G L*Q. 
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2.2. Simple mechanical systems. A simple mechanical system (Q, ((•, ))q, V) consists of a Rie- 
mannian manifold (Q, ((■, -))q) together with a potential function V : Q — > R. These elements define a 
Hamiltonian system on (T*Q,oj) with Hamiltonian given by i? : T*Q — » R, H(a q ) = ^((ct q ,ct q ))T*Q + 
V{q), where a g G r*Q and ((•, -))t*q is the vector bundle metric on T*Q induced by the Riemannian 
metric of Q. The Hamiltonian vector field Xh is uniquely given by the relation ix H *-<J = d_ff, where 
lu is the canonical symplectic form on T*Q. The dynamics of a simple mechanical system can also be 
described in terms of Lagrangian mechanics, whose description takes place on TQ. The Lagrangian for 
a simple mechanical system is given by L : TQ — > R, L(v q ) = \{{v q ,v q )) Q - V(q), where v q G T q Q. The 
energy of L is E(v q ) — ^{(v q ,v q )) + V(q). Since the fiber derivative for a simple mechanical system is 

given by (¥L(v q ),w q ) = ((v q ,w q ))Q, or in local coordinates ¥L (? l ^r) = Qij&dq 1 , where gij is the local 
expression for the metric on Q, it follows that L is hyperregular. The relationship between the Hamil- 
tonian and the Lagrangian dynamics is the following: the vector bundle isomorphism FL bijectively 
maps the trajectories of Xe to the trajectories of Xh, (¥L)*Xh = Xe, and the base integral curves of 
Xe and Xh coincide. 

2.3. Simple mechanical systems with symmetry. Let G act on the configuration manifold Q of a 
simple mechanical system (Q, ((•, -)}q, V) by isometries. The locked inertia tensor I : Q — > C(q,q*), 
where C(g,Q*) denotes the vector space of linear maps from g to q*, is defined by 

for any q G Q and any £, -q G Q. If the action is locally free at q G Q, that is, the isotropy subgroup 
G q is discrete, then l(q) is an isomorphism and hence defines an inner product on g. In general, the 
defining formula of I(q) shows that kerl(g) = g q := G g | Cq(<z) = 0}- Suppose the action is locally 
free at every point q G Q. Then on can define the mechanical connection A G g) by 

A(q)(v q )=l(q)- 1 3 L (v q ), v q eT q Q. 

If the G-action is free and proper, so Q — ► Q/G is a G-principal bundle, then A is a connection one-form 
on the principal bundle Q — > Q/G, that is, it satisfies the following properties: 

• A(q) : T q Q — > g is linear and G-equivariant for every q G Q, which means that 

•A(g • q)(g ■ v q ) = Adg[A{q){v q )}, 

for any v q G T q Q and any g G G, where Ad denotes the adjoint representation of G on g; 

• 4(«)(fo(g))=£, forany^Gg. 

If /i G g* is given, we denote by ^ G fi 1 (Q) the /z-component of ^4, that is, the one-form on Q defined 
by (Ap(q),v q ) = (fi,A(q)(v q )) for any v q G T q Q. The G-invariance of the metric and the relation 

(Ad g O Q (q)=g-tiQ(g- 1 -q), 

implies that 

(2.1) l(g-q) =Ad* g - 1 o%) o Ad fl -i . 
We shall also need later the infinitesimal version of the above identity 

(2.2) T q l {t Q (q)) = - adj °I(q) - I(q) o ad ? , 
which implies 

(2.3) (T,i(c (?))e,»?> =d<i(.)^, »?)(«) (Co(g)) = (i(g)K,C],»?> + <i(9)^[»7,C])- 

for all q G Q and all £, 77, £ G g. 
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3. Relative equilibria 

This section recalls the basic facts about relative equilibria that will be needed in this paper. For 
proofs see pQ, 0, HI], [E]. 

3.1. Basic definitions and concepts. Let fiGxQ^Qbea left action of the Lie group on the 
manifold Q. A vector field X : Q — > TQ is said to be G- equivariant if 

T q %(X(q))=X(9 g {q)) or, equivalently, ^* g X = X 

for all q G Q and g G G. If X is G-equivariant, then G is said to be a symmetry group of the 
dynamical system q = X(q). A relative equilibrium of a G-equivariant vector field X is a point 
q e G Q at which the value of X coincides with the infinitesimal generator of some element £ G g, usually 
called the velocity of q e , i.e., 

*(<Ze)=£Q(<?e)- 

A relative equilibrium q e is said to be asymmetric if the isotropy subalgebra g qe := {7/ G g \ r]Q(q e ) — 
0} = {0}, and symmetric otherwise. Note that if q e is a relative equilibrium with velocity £ G g, then 
for any g G G, <? • q e is a relative equilibrium with velocity Ad g £. The flow of an equivariant vector field 
induces a flow on the quotient space. Thus, if the G-action is free and proper, a relative equilibrium 
defines an equilibrium of the induced vector field on the quotient space and conversely, any element in 
the fiber over an equilibrium in the quotient space is a relative equilibrium of the original system. 

3.2. Relative equilibria in Hamiltonian G-systems. Given is a symplectic manifold (P,u>), a left 
Lie group action of G on P that admits a momentum map J : P — > g*, that is, Xjn — £p, for any 
£ G 9, where J^(p) := (J(p),£), p G P, is the ^-component of J. We shall also assume throughout 
this paper that the momentum map J is equivariant, that is, 3(g ■ p) = Ad*-i J(p), for any g G G and 
any p G P. Given is also a G-invariant function H : P — > M. Noether's theorem states that the J 
is conserved along the flow Ft of the Hamiltonian vector field Xh- In what follows we shall call the 
quadruple (Q, u, H, J, G) a Hamiltonian G-system. Consistent with the general definition presented 
above, a point p e G P is a relative equilibrium if 

Xh(pc) G T Pe (G ■ p e ), 

where G • p e : {g ■ p e \ g G G} denotes the G-orbit through p e . Relative equilibria are characterized in 
the following manner. 

Proposition 3.1. (Characterization of relative equilibria). Let p e G P and p e (t) be the integral 
curve of Xh with initial condition p e (0) = Pe- Let fi := J(p e ). Then the following are equivalent: 
(i) p e is a relative equilibrium. 

(ii) There exists £ G g such that p e (t) — exp(££) -p e . 

(iii) There exists £ G g such that p e is a critical point of the augmented Hamiltonian 

H^p) :=H(p)-{J(p)-u,0. 

Once we have a relative equilibrium, its entire G-orbit consists of relative equilibria and the relation 
between the velocities of the relative equilibria that are on the same G-orbit is given by the adjoint 
action of G on g. 

Proposition 3.2. With the notations of the previous proposition, let p e be a relative equilibrium with 
velocity £. Then 

(i) for any g G G, g ■ q e is also a relative equilibrium whose velocity is Ad s £; 

(ii) £(<?e) £ Qfj, '■= {v £ ad* /1 = 0}, the coadjoint isotropy subalgebra at /1 G 0* , i.e., Ad* xpt ^ /1 = /1 
for any i G R. 
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3.3. Relative equilibria in simple mechanical G-systems. In the case of simple mechanical G- 
systems, the characterization (iii) in Proposition 13. II can be simplified in such way that the search of 
relative equilibria reduces to the search of critical points of a real valued function on Q. Depending on 
whether one keeps track of the velocity or the momentum of a relative equilibrium, this simplification 
yields the augmented or the amended potential criterion, which we introduce in what follows. Let 
(Oj ({'; '))q: V) G) be a simple mechanical G-system. 

• For £ £ g, the augmented potential V% : Q — ► M is defined by V^(q) :— V(q) — |(I(g)£, £). 

• For n £ g*, the amened potential : Q — > R is defined by V^(g) := F(q') + |(^t, 

Note that the amended potential is defined at q £ Q only if q in an asymmetric point. There is an 
alternate expression for the amended potential, namely, V^{q) = (H o_4 M )(g). 

Proposition 3.3. (Augmented potential criterion). A point (q e ,p e ) £ T*Q is a relative equilibrium 
if and only if there exists a £ £ g such that: 
(i) p e = ¥L(£_ Q (q e )) and 
(ii) q e is a critical point of . 

Proposition 3.4. (Amended potential criterion). A point (q e ,p e ) £ T*Q is a relative equilibrium 
if and only if there exists a fi £ g* such that: 

(i) p e = An(q e ) and 
(ii) q e is a critical point of . 

4. Some basic results from the theory of Lie group actions 

We shall need a few fundamental results form the theory of group actions which we now review. For 
proofs and further information see H|, 0, |15|. 

4.1. Maximal tori. Let V be a representation space of a compact Lie group G. A point v £ V is 
regular if there is no G-orbit in V whose dimension is strictly greater than the dimension of the G- 
orbit through v. The set of regular points, denoted V reg , is open and dense in V. In particular, g reg and 
Q* reg , denote the set of regular points in q and g* with respect to adjoint and coadjoint representation, 
respectively. A subgroup of a Lie group is said to be a torus if it is isomorphic to S 1 x ■ ■ ■ x S 1 . Every 
Abelian subgroup of a compact connected Lie group is isomorphic to a torus. A subgroup of a Lie group 
is said to be a maximal torus if it is a torus that is not properly contained in some other torus. Every 
£ £ g belongs to at least one maximal Abelian subalgebra and every £ £ g n g reg belongs to exactly 
one such maximal Abelian subalgebra. Every maximal Abelian subalgebra is the Lie algebra of some 
maximal torus in G. Let t be the maximal Abelian subalgebra corresponding to a maximal torus T . 
Then for any £ £ t n Q reg , we have that Gj = T. The space [g, t] is the orthogonal complement to t in g 
with respect to any G-invariant inner product on g. Such an inner product exists by compactness of G 
by simply averaging any inner product on g. Therefore, we have g = t© [g, t]. Let [g, t]° the annihilator 
of [g,t]. Then G fl =T for every /i £ [g,t]° H g^ eg . Since [g,t]° P\ g* eg is dense in [g,t]°, it follows that 
T C G M for every u £ [g,t]°. 

4.2. Twisted products. Let G be a Lie group and H £ G be a Lie subgroup. Suppose that H acts 
on the left on a manifold A. The twisted action of H on the product G x A is defined by 

h ■ (g,a) — (gh,^ 1 ■ a), h £ H, g^G, a £ A. 

Note that this action is free and proper by the freeness and properness of the action on the G-factor. 
The twisted product G x h A is defined as the orbit space (G x A)/ H of the twisted action. The 
elements of G xh A will be denoted by [g,a], g £ G, a £ A. The twisted product G Xjj A is a G-space 
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relative to the left action denned by g' ■ [g, a] = [g'g, a]. Also, the action of H on A is proper if and only 
if the G-action on G Xh A is proper. The isotropy subgroups of the G-action on the twisted product 
G x h A satisfy 

G[ g ,a] = gHag^ 1 , g G G, a E A. 

4.3. Slices. Throughout this paragraph it will be assumed that \1/ : G x Q — > Q is a left proper action 
of the Lie group G on the manifold Q. This action will not be assumed to be free, in general. For q E Q 
we will denote by H := G q := {g E G | g ■ q = q} the isotropy subgroup of the action ^ at q. We shall 
introduce also the following convenient notation: if K C G is a Lie subgroup of G (possibly equal to 
G), is its Lie algebra, and q E Q, then 6 • q := {?7q(<z) | 77 G 6} is the tangent space to the orbit K ■ q 
at q. A tube around the orbit G • q is a G-equivariant diffeomorphism (p : G Xh A ^ U, where U is 
a G-invariant neighborhood oi G ■ q and A is some manifold on which H acts. Note that the G-action 
on the twisted product G x h A is proper since the isotropy subgroup H is compact and, consequently, 
its action on A is proper. Hence the G-action on G Xh A is proper. Let S be a submanifold of Q such 
that q € S and H ■ S = S. We say that 5 is a slice at g if the map 

<p:Gx H S->U 
[g,s]^ g-s 

is a tube about G • q, for some G-invariant open neighborhood of G • q. Notice that if S is a slice at q 
then g ■ S is a slice at the point g • The following statements are equivalent: 

(i) There is a tube ip : G x# A — > [/ about G • q such that <p([e, A]) = 5. 

(ii) S is a slice at q. 

(iii) The submanifold S satisfies the following properties: 

(a) The set G • S is an open neighborhood of the orbit G • q and S is closed in G • 5. 

(b) For any seSwe have T S Q = g • s + T s 5*. Moreover, g • s n T S S = f) • s, where f) is the Lie 
algebra of H. In particular T q Q = g- q(BT q S. 

(c) S is iJ-invariant. Moreover, if s G 5 and g E G are such that g ■ s E S, then 5 G if. 

(d) Let a : U cG/iJ^Gbea local section of the submersion G — > G/H. Then the map 
F : U x 5 — > Q given by s) := a{u) ■ s is a diffeomorphism onto an open set of Q. 

(iv) G • S is an open neighborhood of G • g and there is an equivariant smooth retraction 

r:G-S->G-q 

of the injection G • q <—* G ■ S such that r^ 1 (q) = S. 

Theorem 4.1. (Slice Theorem) Let Q be a manifold and G be a Lie group acting properly on Q at 
the point q E Q. Then, there exists a slice for the G-action at q. 

Theorem 4.2. (Tube Theorem) Let Q be a manifold and G be a Lie group acting properly on Q at the 
point q E Q, H := G q . There exists a tube (p : GxhB — ► U about G-q such that (p([e, 0]) = q, (p([e, B]) =: 
S is a slice at q; B is an open H-invariant neighborhood of in the vector space T q Q /T q (G ■ q), on 
which H acts linearly by h ■ (v q + T q (G • q)) := T q ^h(v q ) + T q (G ■ q). 

If Q is a Riemannian manifold then B can be chosen to be a G 9 -invariant neighborhood of in (g • q)^, 
the orthogonal complement to g • q in T q Q. In this case U = G ■ Exp g (B), where Exp 9 : T q Q — > Q is the 
Riemannian exponential map. 



8 



PETRE BIRTEA, MIRCEA PUTA, TUDOR S. RATIU, RAZVAN TUDORAN 



4.4. Type submanifolds and fixed point subspaces. Let G be a Lie group acting on a manifold 
Q. Let H be a closed subgroup of G. We define the following subsets of Q : 

Q(H) = {qeQ\G q =gHg-\g€G}, 

Q H = { q eQ\HcG q }, 
Qh = {qeQ\H = G q }. 

All these sets are submanifolds of Q. The set Q(h) is called the (H)-orbit type submanifold , Qh is 
the H-isotropy type submanifold, and Q H is the H-fixed point submanifold. We will collectively 
call these subsets the type submanifolds. We have: 

• Q H is closed in Q; 

• Q(H) = G ■ Qh; 

• Qh is open in Q H . 

• the tangent space at q 6 Qh to Qh equals 

T q Q H = H G T g Q | T 9 * h (« 9 ) = w „ V/i e IT} = (T q Q) H = T q Q H ■ 

• T q (G ■ q) n (T q Q) H = T q (N(H) ■ q), where N(H) is the normalizer of H in G; 

• if H is compact then Q# = Q H n Q(ij) and Q# is closed in Q/m- 

If Q is a vector space on which H acts linearly, the set Q H is found in the physics literature under the 
names of space of singlets or space of invariant vectors. 

Theorem 4.3. (The stratification theorem). Let Q be a smooth manifold and G be a Lie group act- 
ing properly on it. The connected components of the orbit type manifolds Q^h) an d their projections onto 
orbit space Q/m/G constitute a Whitney stratification of Q and Q/G, respectively. This stratification 
ofQ/G is minimal among all Whitney stratifications of Q/G. 

The proof of this result, that can be found in 0] or ^7], is based on the Slice Theorem and on a 
series of extremely important properties of the orbit type manifolds decomposition that we enumerate 
in what follows. We start by recalling that the set of conjugacy classes of subgroups of a Lie group G 
admits a partial order by defining (K) ^ (H) if and only if H is conjugate to a subgroup of K. Also, 
a point q G Q in a proper G-space Q (or its corresponding G-orbit, G ■ q) is called principal if its 
corresponding local orbit type manifold is open in Q. The orbit G • q is called regular if the dimension 
of the orbits nearby coincides with the dimension of G • q. The set of principal and regular orbits will 
be denoted by Q pr inc/G and Q r eg/G, respectively. Using this notation we have: 

• For any q 6 Q there exists an neighborhood U of q that intersects only finitely many connected 
components of finitely many orbit type manifolds. If Q is compact or a linear space where G 
acts linearly, then the G-action on Q has only finitely many distinct connected components of 
orbit type manifolds. 

• For any q 6 Q there exists an open neighborhood U of q such that (G q ) ^ (G x ), for all x G U. 
In particular, this implies that dimG • q < dimG ■ x, for all x G U. 

• Principal Orbit Theorem: For every connected component Q° of Q the subset Q re g H Q° is 
connected, open, and dense in Q°. Each connected component (Q/G)° of Q/G contains only 
one principal orbit type, which is connected open and dense in (Q/G) . 

5. REGULARIZATION OF THE AMENDED POTENTIAL CRITERION 

In this section we shall follow the strategy in jo] to give sufficient criteria for finding relative equilibria 
emanating from a given one and to find a method that distinguishes between the distinct branches. The 
criterion will involve a certain regularization of the amended potential. The main difference with 
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is that all hypotheses but one have been eliminated and we work with a general torus and not just a 
circle. The conventions, notations, and method of proof are those in j^]. 

5.1. The bifurcation problem. Let (Q, ((•, -))q, V, G) be a simple mechanical G-system, with G a 
compact Lie group with the Lie algebra g. Recall that the left G-action : G x Q — > Q is by isometries 
and that the potential V : Q —> M is G— invariant. Let q e G Q be a symmetric point whose isotropy 
group G qe C T is contained in a maximal torus T of G. Denote by t C g the Lie algebra of T; thus t is a 
maximal Abelian Lie subalgebra of g. Throughout this section we shall make the following hypothesis: 

(H) every v qe G t • q e is a relative equilibrium. 

The following result was communicated to us by J. Montaldi. 

Proposition 5.1. In the context above we have that: 

(i) dV{q e ) = 

(») %)tc[ fl ,t]°. 

Proof, (i) Because all the elements in t • q e are relative equilibria, we have by the augmented potential 
criterion dV^(q e ) = 0, for any £ G t. Consequently for £ = we will obtain = dV~o(q e ) = dV(q e ). (ii) 
Substituting in the relation 1)2. 3JI . q by q e and setting ry = £ G t we obtain: 

d(I( • )£, e>(ge)(CQ(9e)) = <%e)[£, CU> + <%e)£, [£, CD = 2<I(g e )£, [£, C]> 

for any £ G t and £ G 0. The augmented potential criterion yields 

= d^(flf e ) = dV(q e ) - ~d(I( • )£,0(9a). 

Since dF(g e ) = by (i), this implies d(I( • )£, £}(<? e ) = and consequently (I(g e )£, [£,£]) = 0, for any 
£ G t and £ G g. So we have the inclusion 

%e)£C[ ,£]°. 

Now we will prove that [fl,£]° = [fl,t]° for regular elements £ G t. For this it is enough to prove that 
= [t, g] for regular elements £ G t. It is obvious that C [t, g]. Equality will follow by showing 
that both spaces have the same dimension. To do this, let F% : 9 — > g, F^(r]) :— ad^ 77, which is obviously 
a linear map whose image and kernel are Im(i^) = [£,g] and ker(F^) = g^. Because £ G t is a regular 
element we have that 9^ = t and so ker(F^) = t. Thus dim(g) = dim(t) + dim([£,g]) and so using the 
fact that dim(g) = dim(t) + dim([t, 9]) (since g = t© [g, t], 9 being a compact Lie algebra), we obtain the 
equality dim([£,g]) = dim([t, g]). Therefore, [£,g] = [t, g] for any regular element £ G t. Summarizing, 
we proved 

%KC [g,t]°, 

for any regular element £ G t. The continuity of I(q e ), the closedness of [g,t]°, and that fact that the 
regular elements £ G t form a dense subset of t, implies that 

i(9«)fc [g,t]°, 

for any £ G t and hence I(q e )i Q [g, t]°. □ 
Lemma 5.2. For each v qc G t • q e we have G v = G q . 
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Proof. The inclusion G v C G qc is obviously true, so it will be enough to prove that G v D G qr . To 
see this, let g G G qs and v q<! = £,Q{q e ) G t • q e , with ( £ t. Then, since G qc is Abelian, we get 



T q ^ g (v qe ) = T q ^ g (£ Q (q e )) = T q ^ g 

(*B ° *cxp(tC)) (?e) = 



d 

d 
di 



*exp(t£) (?e) 

4=0 

t=0 



di 

*exp(te)(9e) = £o(9e) = 

that is, g • v Qe = v q<! , as required. □ 



The bifurcation problem for relative equilibria on TQ can be regarded as a bifurcation problem on 
the space Q x g* as the following shows. 

Proposition 5.3. The map f : TQ -tQxg* given by v q i— > (g, Ji(u g )) restricted to the set of relative 
equilibria is one to one and onto its image. 

Proof. The only thing to be proved is that the map is injective. To see this, let (<?i, (£i)q(<Zi)) and 
fe, (£2)13(92)) be two relative equilibria such that f(q 1 , (£i)q(<?i)) = /(?2, (6)q(?2))< Then q x = qi =■ q 
and Jl(<Z, (£1 — £2)0(9)) = I(?)(£i — £2) = which shows that £1 — £2 G kerl(q) = g 9 and hence 

(£i)q(?) = (£ 2 )q(9). □ 

We can thus change the problem: instead of searching for relative equilibria of the simple mechanical 
system in TQ, we shall set up a bifurcation problem on Q x g* such that the image of the relative 
equilibria by the map / is precisely the bifurcating set. To do this, we begin with some geometric 
considerations. We construct a G-invariant tubular neighborhood of the orbit G ■ q e such that the 
isotropy group of every point in this neighborhood is a subgroup of G qc . This follows from the Tube 
Theorem 14.21 Indeed, let B C (g • q e ) ± be a G ge -invariant open neighborhood of q<l £ (g • qe) 1 - such 
that on the open G-invariant neighborhood G • Exp ge (_B) of G • q e , we have (G 9e ) ^ (G q ) for every 
q e G ■ Exp 9c (£?). Moreover G acts freely on G • Exp 9e (B n (T qe Q){ e y). It is easy to see that B x g* 
can be identified with a slice at (q e ,0) with respect to the diagonal action of G on (G • Exp 9c (i?)) x g*. 
The strategy to prove the existence of a bifurcating branch of relative equilibria with no symmetry from 
the set of relative equilibria I ■ q e is the following. Note that we do not know a priori which relative 
equilibrium in t • q e will bifurcate. We search for a local bifurcating branch of relative equilibria in 
the following manner. Take a vector v qc G B n (T qe Q)[ e y and note that Exp 9e (i; ge ) G Q is a point 
with no symmetry, that is, Ge X p 9 0,j = {e}- Then rw ge 6 Bn (Tg e Q){ e }, for r G /, where J is an 
open interval containing [0, 1], and Exp 9< _ (rw 9c ) is a smooth path connecting q e , the base point of the 
relative equilibrium in t • q e containing the branch of bifurcating relative equilibria, to Exp „ s {v qe ) G Q. 
In addition, we shall impose that the entire path Exp^ (tw 9c ) be formed by base points of relative 
equilibria. We still need the vector part of these relative equilibria which we postulate to be of the 
form £(r)Q(Exp 9e (rw 9c )), where ((t) G g is a smooth path of Lie algebra elements with £(0) G t. Since 
Exp 9e (rv q<! ) has no symmetry for r > 0, the locked inertia tensor is invertible at these points and the 
path £(t) will be of the form 

C(r)=I(Ex Pge (r^J)- 1 (/3(r)), 

where (3{t) is a smooth path in g* with /3(0) G l(q e )i. Now we shall use the characterization of 
relative equilibria involving the amended potential to require that the path (Ex Pge (rUg e ),/3(r)J G (G • 
Exp ge (i3)) x g* be such that /~ 1 ((Exp gi _ {rv qa ), /3(r)) are all relative equilibria. The amended potential 
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criterion is applicable along the path Exp (Jc (rwg c ) for r > 0, because these points have no symmetry. 
As we shall see below, we shall look for (3{t) of a certain form and then the characterization of relative 
equilibria via the amended potential will impose conditions on both /3(r) and v qe . We begin by specifying 
the form of (3(t). 

5.2. Splittings. We shall need below certain direct sum decompositions of 9 and 9*. The compactness 
of G implies that g has an invariant inner product and that g = t © [q, t] is an orthogonal direct sum. 
Let ti C t be the orthogonal complement to to : = 9g c m t- Denoting t 2 := [fj, t] we obtain the orthogonal 
direct sum 9 = to © ti © 62- For the dual of the Lie algebra, let mi := (tj © tfc)° where k) is a cyclic 
permutation of (0, 1,2). Then 9* = mo © trti © rri2 is also an orthogonal direct sum relative to the inner 
product on 9* naturally induced by the invariant inner product on g. 

Lemma 5.4. The subspaces defined by the above splittings have the following properties: 

(i) to, ti, £2 are G ^-invariant and G q<s acts trivially on to and ti; 
(ii) mo, mi, TTI2 are G 9e -invariant and G qe acts trivially on mo and m\. 

Proof, (i) Because G Qe is a subgroup of T it is obvious that G qe acts trivially on t = to © £1 and 
hence on each summand. To prove the G qe -invariance of t 2 = [fl>t], we use the fact that Ad g [£i,£ 2 ] = 
[Ad 9 £i,Ad s £ 2 ], for any G 9 and g S G. Indeed, if £1 6 g, £ 2 G t, 5 G G 9e we get Ad 9 [£i,£ 2 ] G 

[q, t] = t 2 . (ii) For g G G ge , /x G m we have to prove that Ad* \x G m . Indeed, if £ = £1 + £ 2 G ti © t 2 , 
we have 

(Ad; M , = (Ad; /i, a + 6) = fa, Ad ff (a + &)> 
= (/x,a+Ad 9 6) = o 

since G 9c acts trivially on ti, 62 is G 9e -invariant and mo = (61 © 62)°- The same type of proof holds for 
miand m2- For g G G 9c , /1 £ % we have to prove that Ad*, fi = fi. Let £ = £ + £1 + 62 G g, with £j G ti, 
i = 0, 1,2. We have 

(Ad; n - n, e) = (Ad; /i, Co + a + 6) - fa, Co + 6 + a) 
= fa, Ad 3 (£ + a + a)> - fa, Co + a + 6) 

= fa, Co + a + Ad 3 £2) - (a*, Co) = fa, C1 + Ad 9 £ 2 > = 

because G 9e acts trivially on to © 61, fc 2 is G 9e -invariant, and mo = (ti © 6 2 )°. The same type of proof 
holds for mi. □ 

Recall from ij2.3l that kerl(g e ) = g 9e = to- In particular, I(g e )to = {0}. The value of I(q e ) on the 
other summands in the decomposition g = to © ti © t 2 is given by the following lemma. 

Lemma 5.5. For i G {1, 2} we have that mi = I(g e )tj. 

Proof. Let Ki G ti with i G {0, 1, 2} be arbitrary. Then 

(Ifa e )/Cl, K + K2) = (I(g e )«l, «0> + (Ifae)Kl, «2) = (%e)K0, «l) + {%e)«l, Kfc) = 

as kerlfa e ) = to and, by Proposition 15.11 (ii), I(g e )t C 6 2 . This proves that I(q e )£x C mi. Counting 
dimensions we have that diml(g e )ti = dimti — dimker (I(g e )|{ 1 ) = dimg — dim to — dimt 2 = dimrrii, 
since ker (1(^)1^) = {0}. This proves that mi = I(g e )ti. In an analogous way we prove the equality for 
i = 2. □ 

In the next paragraph we shall need the direct sum decomposition g* = miffim, where mi = I(g e )t and 
m := mo © rri2. Let LIi : g* — > I(q e )t be the projection along m. Similarly, denote t := ti © t 2 , and write 
= 9g c © t- Thus there is another decomposition of g*, namely, g* = g° e © t°. However, for any £ G g 9e 
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and any £ G g, we have (I(g e )£, C) = ((£o(?e)> CQ(<?e))) = since Cq(<7c) = 0, which shows that I(g e )g C 
g° e . Since kerl(g e ) = g ge , it follows that diml(g e )j| = dimg — dimkcrl(g e ) = dimg — dimg gc = dimg° s , 
which shows that g° e = I(q e )g. Thus we also have the direct sum decomposition g* = I(q e )g © 6°. Note 
that I(<?e)fl = trii © rri2, by Lemma f5. 51 and that mo = 6°. Summarizing we have: 

g* = m © mi © m 2 = 6° © I(q e )g, where I(q e )g = mi © m 2 and m = 6°. 

5.3. The rescaled equation. Recall that B C (g • g e ) is a G ge -invariant open neighborhood of 
0?e ^ (fl'?e) such that on the open G-invariant neighborhood G-Exp^ (B) of G-q e , we have (G 9e ) ^ (G g ) 
for every q e G • Exp 9e (i?). Consider the following rescaling: 

%efln (T ge Q) {e} h-> r U(Zc efln (T qc Q) {e} 
PL e 2* ^ P(t, eg* 

where, r £ /, / is an open interval containing [0, 1], and f3 : Ixg* — > g* is chosen such that /3(0, /i) = LTi/i. 
So, for (v qc ,fi) fixed, (ru ge , /3(r, /j)) converges to (O ge ,IIi/i) as r — > 0. Define 

/3(r,/i) :=ni l i + T/3'(/i)+r a J 9"0i) 

for some arbitrary smooth functions /3',/3" : g* — > g*. Since I is invertible only for points with no 
symmetry, we want to find conditions on f3' ', (3" such that the expression 

(5.1) IfExp^™,.))- 1 /?^) 

extends to a smooth function in a neighborhood of r = 0. Note that v qe is different from ?c since 
G„ ?c = {e} by construction and Go 5e = G qe ^ {e}. Define 

$ : I x (fl n (T ge Q) {e} ) x g* x g 9o x t -> g* 

(5.2) $(r, Ugc , M , £, 17) := I(Ex Pgc (<rv q .))(S + v)~ P(r, »). 

Now we search for the velocity £ + r\ of relative equilibria among the solutions of $(r, w 9e , 7*, £, 77) = 0. 
We shall prove below that £ and 77 are smooth functions of r, i> 9e , 74, even at r = 0. Then (|5.1|) shows 
that £ + 77 is a smooth function of r, w 9c , 74, for r in a small neighborhood of zero. 

5.4. The Lyapunov- Schmidt procedure. To solve $ = 0we apply the standard Lyapunov-Schmidt 
method. This equation has a unique solution for r 7^ 0, because rw 9c 6 Bfl (T qc Q)^ e y so I(Exp ge (TUg e )) 
is invertible. It remains to prove that the equation has a solution when r = 0. Denote by D g X { the 
Frechet derivative relative to the last two factors g qc x 6 in the definition of <&. We have 

ker - D a 9e xe $ ( ' u 9B 5 M>^'7) = kerl(q e ) = Q qe . 
We will solve the equation $ = in two steps. For this, let 

II : g* -» I(g e ) fl 

be the projection induced by the splitting g* = I(q e )g © t°- Stepl. Solve II o <£> = for 77 in terms of r, 
v 9e , n, £. For this, let 

I(Exp ge (ru ge )) := (n o I)(Exp 9e (r« ? J)| t : I -> I(g e )g 
I(Exp 9e (™,J) := (noI)(Exp 9a (TW,.))| flfc : 0g<s ^ I(g e )g 
where I(Exp ?c (jv qc )) is an isomorphism even when r = 0. Then we obtain 

(5.3) (II o $)(0, Uge , 7x, e, ri) = n[I(g e )(£ + 77) - /3(0, /_*)] = - n^. 
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Denoting 77^ := I(g e ) l (IIi/x), we have (II o $)(0, %,,M> Cjf/V) = 0- Denoting by D v the partial Frechet 
derivative relative to the variable 77 £ ? we get at any given point (0, , /_t°, £°, 77 ) 

(5.4) o 4>)(0, < , M °, V 5 ) = f(g e ) 

which is invertible. Thus the implicit function theorem gives a unique smooth function 77(1-, ?j 9e , /i, £) 
such that 77(0, v° e ,/x°,^°) = 77° and 

(5.5) (Ho $){T,v qe , fi,Z,r)(T,v qe , fi,C)) =0. 

The function 77 is defined in some open set in / x (Bn [T qc Q)^ e ^ x g* x containing (0, v qc , fi°, £°) £ 
{0} x (Bn(T, e Q){ e }) x g* x g 9e . If we now choose 77 = 77^0 = I((7 e ) _1 (IIi/j ), then uniqueness of 
the solution of the implicit function theorem implies that rj(0,v qe , (M, £) — i]^ in the neighborhood of 
(0, v qc , /^°, £°). Later we will need the following result. 

Proposition 5.6. We have 77^ := I(g e ) _1 (IIi/x) £ ti C t. 
Proof. Since we can write t = kerl(q e ) © ti we obtain 

%e)«l = (n o I(q e ))h = I{q e )h = I(g e )(t) = ImIL, 
Now, because I(g e ) is an isomorphism, it follows that I(g e ) _1 (IIi/i) £ t\. □ 
Step2. Now we solve the equation (Id — II) o $ = 0. For this, let 

cp:I x (Bn(T qc Q) {e} ) xg'xj^f 



(5-6) <p(r, v qc , /j, £) := (Id - II)$(t, u 9e , /J, £, r?(r, v qe , /j, £)). 

In particular, y>(0, Ug e , /i, £) = (Jd— n)(I(g e )(C+^) — Ili/i). Since Iml(g e ) ^Imllandlmlli = I(g e )t C 
I(g e )fl, it follows that y>(0, v qe ,(j,,£) = 0. We shall solve for £ £ 9c , in the neighborhood of (0, 7j° e , £°) 
found in Step 1, the equation ip(r, v qe , ji, £) = 0. To do this, we shall need information about the higher 
derivatives of ip with respect to r, evaluated at r = 0. 

Lemma 5.7. Let 77 £ g and q £ Q. Suppose that dV n (q) = 0, where V n is the augmented potential 
and suppose that both £ and [£,77] belong to Q q . Then d (!(•)£, rj) (q) = 0. 

Proof. Since dV n (q) = 0, r/Q^q) is a relative equilibrium by Proposition ^. 31 that is, X^(a g ) = r]T»Q(o: q ), 
where a 9 = ¥L(rjQ(q)). Now suppose that both £, [£,77] £ g^. Then 

FL(cxp(iO . TO (g))= FL([£,77] Q (g)) = 0, 

t=o 

where we have used that <? • r]Q(q) = (Ad g 77) q (5 • g). It follows that (77 + £,)T*Q(& q ) = -^ij(ofg) and 
hence, again by Proposition E31 that = dV n+s (q) = dV v (q) - d(I(-)?7, £)(g) - ^d||£ Q (.)|| 2 (g). How- 
ever, d||£Q(-)|| 2 (g) = since £ £ g 9 , as an easy coordinate computation shows. Since dV^(g) = by 
hypothesis, we have d(I(-)j7, £)(g) = 0. Symmetry of 1(g) proves the result. □ 

Let now £ £ Q qc and 77 £ t. Since g qe C t, we have [£, 77] = £ g 9e . In addition, hypothesis (H) and 
Proposition ^. 31 guarantee that dV^(q e ) = which shows that all hypotheses of the previous lemma are 
satisfied. Therefore, 

(5.7) d(I(.)£,77)(g e ) -0 for £ £ 09e , 7/ £ t. 



^ Q (a q ) dt 
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5.5. The bifurcation equation. Now we can proceed with the study of equation ip = (Id — II) o $ = 0. 

We have 

|^(t, % ,/z,£) = (Id -II) 
(5.8) 



T TVqe (I o Exp ge ) (v qe ) (£ + r?(r, v qe , fi, £)) + I(Exp 9e (rw 9e )) — (r, u ge , n, £) 



8(3 . 



Proposition 5.8. J^(0,%,,Ai,f) = -(Id - n)/3'(/i). 
Proof. Formula i|5.8|) gives for r = 



^(o,«,.,M,0 = (w-n) 



)) (£ + + l(g e )^(0, v Qc ,n, - |^(0, /x) 



Now, because Iml(g e ) = Imll we obtain (7d — II) o I(q e ) = and hence the second summand vanishes. 
From H5.7fl we have that (T ?e I(u 9e ))(t) C g° e = Imll. Using Proposition 15. 61 and since ( £ g 9c C t, we 
obtain that ( + i)^e t. Therefore (Id - U)[(T q I(v q J)(C + r^)] = 0. Since |f (0, /i) = /3'(/i), we obtain 
the desired equality. □ 

Let us impose the additional condition f3'(n) C Imll. Then it follows that 

( f(T,Vg B ,n,^) = tV(t, %,,«,£). 

for some smooth function tf> where 



1 2 



We begin by solving the equation 



for £ as a function of v qe and /Lt. Equivalently, we have to solve 

To compute this second derivative of tp we shall use (|5.8|) . We begin by noting that r 6 7 T tv (I > 
Exp^ ) (v 9e ) is a smooth path in L(q,q*) and so we can define the linear operator from g to g* by 

: = TT T ^e( l0EX P 9 JKe) 6 L(3,9*)- 

With this notation, formulas l|5.8|) . 1)5. 2|l . (|5.bfl . and Proposition 15.61 yield 



(5.9) 



d 2 cp 

8t 2 



{o,v q .,n,o = (id -n) 



(id - n) 



A,,, (e + + 2T g JK e ) ^ (0, , M , o 
+I(g e )^(0,^, M ,O-2/3"(M) 
A,,. (£ + ^) + 2T, e l(v ge ) ^ (0, , M , - 2/3" (/x) 



since (7d — n)I(q e )g^(0,u 9e ,/z,^) = 0. Let ...,£ p } be a basis of g qc . Since d <p(r, v qe , /j,, !;) / dr e 6° 
and g = g,j e ©fi the equation 9 2 (^(0, v Qe , [i, £)/ <9r 2 = is equivalent to the following system of p equations 



< TT-S-(0,U, 



\5r 2 
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which, by (|5.9jl . is 



(Id - n) 



A Vqs (£ + ty) + 2T,JKj|^(0, v qe ,fj,, - 2/3" (/i) 



, ) = 0, for all 6=1,..., p. 



We shall show that in this expression we can drop the projector Id — II. Indeed, let a = olq + ot\ + a 2 £ 
g* = mo © mi m2, where a, 6 nij, for i = 0, 1, 2. Since II : fl* — ► I(g e )fl = m i © m 2, we have 

((Id - U)a, £ 6 ) = (a, £ 6 ) - (ai, &) - (a 2 , 6) = (a, 6) 

because (ai,£ b ) = 0, since ai G mi = (6 © t 2 )°, £b G 9c = to, and (a2,£&) = 0, since a 2 G m 2 = 
(fi © 6i)°, 6> G g 9c = 6o- The system to be solved is hence 



(5.10) 



(A Vqe (£ + »&,) + 2Tg.I(«9.)^(0,«,.,/i,0 " 2/3" (M), 6 =0, for all 6 = l,...,p. 



In what follows we need the expression for f^(0, f 9c , //, £). Differentiating (|5.5|) relative to r at zero and 
taking into account (|5.4|) and 1)5. 2|) . we get 

(5.11) |^(0, v ge , /x, = -Ife)- 1 J^II o $)(0, v,. , /x, £, ^) 

= -Ife)-^ [T,.I(w,.)(e + Vtl ) - /?'(/!)] 

t^e)- 1 oT,.I(« fl .)) £ - (%e) _1 °T 5 j(«J olfo)" 1 ) (niAi) +% e )- 1 (/3'(/i)) 

since T g<J I = II o T gc I| B?c and T q l = II o T ge I|{. Expanding £ in the basis {£i, . . . , £ p } as £ = a l £, ; and 
taking into account the above expression, the system (|5.1U|) is equivalent to the following system of 
linear equations in the unknowns or, . . . , a p 

A ab a a + B b = 0, a,b=l,...,p, 

where 

(5.12) A ab := (A Vq J a ,&) -2^(r qe I(v qe ) o %e) _1 ° T„ I («,.)) £ a ,£i,^> 

(5.13) B b := ((X 5e o^,)- 1 oni) A*,6)-2((r g .I(t; 9 .) o Ife)" 1 o T q I{v q J olfe)- 1 0^) 

+ 2((T 9e I(^J ol^)- 1 ) /3'( M ),£ 6 ) - </?»,£&> ■ 

Denote by A := [A a (,] the p x p matrix with entries A ab . Thus, if v qe £ Z^ =: {w 9c G B n (r<j,.Q){ e } 
dct yl = 0} this linear system has a unique solution for or, ... , a p , that is for £, as function of v qe , a*- we 
shall denote this solution by £0 (%,,/•«)• Summarizing, ifv qc ^ iften £0 * s ^ e unique solution 

of the equation 

(5-14) ^-(0,^,^,0 = 0. 

Lemma 5.9. XTie set Z^ is closed and G 9e -invariant in B n (T 9c Q){ e }. 

Proof. The set .2^ is obviously closed. Since t is G 9e -invariant it follows that 6° is G 9e -invariant. 
Formula i|2.1[l shows that I(q e )s is also G 9e -invariant. Thus the direct sum I(q e )2®t° is a G 9e -invariant 
decomposition of g* and therefore II : g* — > I(g l e )f) is G 9e -equi variant. From the G qi , -equivariance of 
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Exp^ and ijSTT]) . it follows that I(Exp qe (h-v qe )) = Ad* h -i oI(Exp ge (w g J)oAd fe -i = Ad^-i ol(Exp ?e (v q J) 
for any h G G ge since G 9e C T and is therefore Abelian. Thus 

I(Exp ffa (/i •«,.))= no I(Exp ?e (T 9e ^ • v q J)\ Sqe = n o Ml-! oI(Ex Pgo KJ)| B5c 

= AdJ-i onoI(Exp 9 > ge ))| fl9e = AdJ_! oI(Exp,>,J) 

for all h G Gg e and t> ge G B. Replacing here v qe by su ge and taking the s-derivative at zero, shows that 

T qe I (h ■ v qe )£ — Ad^-i \T qe I (v qc for any h G G 9c and £ £ g fc , that is, T ge I (v Qe )£ is G 9c -equivariant 

as a function of v qe , for all £ G g qe . Similarly T q l(h ■ v qe ) — Ad^-i oT q I{v qil ) o Ad^-i. From (|2.1|) 
and the definition of l(q e ) , it follows that I^) -1 = Adh oI(q e ) _1 o Ad^ for any h E G 9c . Thus, for 
/i G G qe , the second summand in A a b becomes 



Ad^-ioTj.I^JoAdfc-iolCgeJ-ioAd^-ioT,.!!/-,, ) ) i„. t,i, 
Ad*_! °T ge I(t; g J olfe)- 1 oT fl .i(« g .)) 

r g .i(w g .) oifej-'orj^jj S„,Ad fc -i 6 

r g .i(w g .) Ol^e)" 1 °T g J(« g J ) Ca,6 



since Ad^-i £b = because h £ G ge and G $ ge . This shows that the second summand in A a t> is G gc 
invariant. Next, we show that the first summand in A a b is G qc - invariant. To see this note that 



<T T ^(IoExp 9 JKJCa,6) = 



8t 2 



Therefore, for any h E G q<! we get from (I2.1|) 



a 2 

- 
- 



T = 



(l(Exp qc (rh ■ v q Ma^b) = 



(l(Exp qB (rv q Ma^b) 



(l(/i-Exp (tv,.))^) 



T = 



r=0 



r=0 



(Ad^- 1 I(Ex P , a ( T i;,.))Ad fc - 1 e« s &) 
(l(Ex Pge (ru g J) Ad h -i £„, Adfc-x 6) 
(l(Exp ge (™ g J)£a,6) = 



r=0 



as required. 



□ 



Proposition 5.10. The equation <p(r, — for (r, £) € /x (.B fl (Tg e Q)/ e i \ Z M ) x jj* xg 9e 

/las a unique smooth solution £(r, t> ge , /u) G g 9c /or (r, 6 / x (B fl (^g c Q){e} \ -Zyj) x fl*- 
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Proof. Denote by the Frechet derivative relative to the variable (€g ?c . Recall that £o , (J>) £ 0q e 
is the unique solution of the equation §^(0, v qB , /x, £) = 0. Formulas (|5.9() and (|5.11l) yield 

(5.15) v qe = (Id - n) A Vqc (£ + Tfc) - 2 ^T ?e I( % ) offe)- 1 o t,.! («,.)) £ 



- 2 (r,J(» ga ) ol{q e )- 1 oT,| % ) of^)- 1 ) (Hi^) 
+ 2 (r,.I(t; ga ) o Ife)- 1 ) (/3'(^)) - 20" (ji) 



and hence 
9V 



D iQ-2(QlVqe> V,€o(Vqe1 = (Id -II) 



We shall prove that this linear map is injective. To see this, note that relative to the basis {£i, . . . , £ p } 
of g ge this linear operator has matrix A by l|5.12|l . Thus, if v qe £ Z^, this matrix is invertible. In 
particular, this linear operator is injective. 

Since g = g 9e © t, it follows that dimg 9e = dim fj — dim f = dimt°, so the injectivity of the map 

^£§^r(0> U 5 C ! M°> £o( u ° c , M )) implies that it is an isomorphism. Therefore, if w 9c 6 Bfl (Ig e Q){e} \ Z^ 
is near i>° , the implicit function theorem, guarantees the existence of an open neighborhood Vq C 
/ x (B H (T,.Q) {e} \ Z M ) x g* containing (0, u° e ,M°) e {0} x (B n (T 9c Q) {e} \ 2„) x g* and of a unique 
smooth function £ : Vb — ► g gc , satisfying ^(r, v qt ,n, £(t, v qe ,[i)) = such that £(0, , //*) = £o(w gc , /x°). 
On the other hand, for r ^ 0, the equation ip(r,v qe , /J,,-) = has a unique solution for £, namely 
the Q q<l -component of I(Exp 9 (TW ge )) _1 /3(t, /i), which is a smooth function of r, v qe ,fi. This is true 
since £ + rj = I(Exp g ^ {Tv qc )) _1 /3(t, /i) by construction and we determined the two components £ 6 g ge 
and r; £ t in g = g 9e © 6 via the Lyapunov-Schmidt method, precisely in order that this equality be 
satisfied. Therefore, the solution £(r, w 9e , fj,) obtained above by the implicit function theorem must 
coincide with the Q q<! -component of I(E'Kp q ^(Tv q>! ))~ 1 0(t, fi) for r > 0. Since this entire argument 
involving the Lyapunov-Schmidt procedure was carried out for any (v qe ,/j,°), it follows that the equation 
<p{T,Vq e ,fJ,,t-) = has a unique smooth solution £(t, £ 9 9c for (r, i> 9e) /i) £ I x (B P\ {T qe Q)i e \ \ 
Z^XQ*. * □ 

Remark 5.11. The previous proposition says that if we define 

C(T) « ?e , M) = H( Ex P ?c ( r «?e )) _1 /3( r ; /") 

on (J\ {0}) x(Bn (1^*3) {e} \ Z M ) x g*, then £(r, v qe ,^) can be smoothly extended for r = 0. We have, 
in fact, £(r, w 9e , /i) = £(r, w 9e , /x) + rj(r, v qp , /i, £(r, w ge , /x)), where ry(r, w ge , /x, £) was found in the first step 
of the Lyapunov-Schmidt procedure and £(r, i> g<! , jtx) in the second step, as given in Proposition 15.1(11 
Note also that £(0, u ge , fi) = £o(%, > m) + I( < Ze) _1 ni/i E t. 

5.6. A simplified version of the amended potential criterion. At this point we have a can- 
didate for a bifurcating branch from the set of relative equilibria t • q e . This branch will start at 
£(0, v qe , fi)q(q e ) £ t ■ q e C T qe Q. By Lemma 15.21 the isotropy subgroup of C(0i v q c > ^aile) equals 
G Qe , for any v qe £ B n (Tq e Q){e) \ Z^ and /i e g*. The isotropy groups of the points on the curve 
C(r, i> ?c , /x)g(Exp ge (rvq a )), for t ^ 0, are all trivial, by construction. Hence £(t, w 9e , /x)q(Exp ?c (rv ?c )) 
is a curve that has the properties of the bifurcating branch of relative equilibria with broken symmetry 
that we are looking for. We do not know yet that all points on this curve are in fact relative equi- 
libria. Thus, we shall search for conditions on v qe and \i that guarantee that each point on the curve 
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t i ► C(t, v qc , fj,)Q(Exp qc {rVq e )) is a relative equilibrium. This will be done by using the amended po- 
tential criterion (see Proposition 13. 4|) which is applicable because all base points of this curve, namely 
Exp^(rv ge ), have trivial isotropy for t =/= 0. To carry this out, we need some additional geometric 
information. From standard theory of proper Lie group actions (see e.g. 0], §2.3, or jjj) it follows that 

the map 

(5.16) K,m]g 9c G (B x g*)/G Qe [Exp ? > 9e ), M ] G e ((G -Exp^B) x g*)/G 

is a homeomorphism of (-B x g*)/G qc with ((G • Exp ?e B) x Q*)/G and that its restriction to ((-B n 
(Tq e Q){ e } \ Zfj) x Q*)/G q<! is a diffeomorphism onto its image. We think of a pair (Exp q ^(v q<! ), //) as 
the base point of a relative equilibrium and its momentum value. All these relative equilibria come in 
G-orbits. The homeomorphism l|5.16|l allows the identification of G-orbits of relative equilibria with 
Gq c -orbits of certain pairs (v qa ,fj,). We shall work in what follows on both sides of this identification, 
based on convenience. We will need the following lemma, which is a special case of stability of the 
transversality of smooth maps (see e.g. |5|). 

Lemma 5.12. Let G be a Lie group acting on a Riemannian manifold Q, q € Q, and let t C Q be a 
subspace satisfying t n Q q = {0}. Let V C T q Q be a subspace such that t • q © V = T q Q. Then there is 
an e > such that if \\v q \\ < e, 

T Ex Pq (v q )Q = * ' Exp g (w 9 ) © (T Vq Exp ? )V. 

To deal with G-orbits of relative equilibria, we need a different splitting of the same nature. The 
following result is modeled on a proposition in 

Proposition 5.13. Let v qe s B n (T qii Q){ e } \ Z^ be given. Consider the principal G qe -bundle B n 
(T 9e Q)r e } \ — > [B H (7 1 (Jc (5){e} \ Zn]/Gq a (this is implied by Lemma \5.9\) . Let U be a neighborhood of 
[0?J G (Tq c Q)/G qc and define the open set U := Un[Bn{T q<! Q) {e} \Z^]/G qe in [Bn(T 9e Q) {e} \Z M ]/G 9c . 
Let a : U C [B R (T ge Q)i e \) \ Z^\jG qis — ► B n (2g e Q){ e } \ -2^ ^ e a smooth section, [v ] € ?7, and 
:= Exp^ oa :U — > Q. Then there exists e > suc/i £/iai /or < r < e sufficiently small, we have 

T w([rv qe ])Q = t-v{[™ q ,]) ®T [TVq Ja(T [TV9it] U) © (T a{[rViie]) Eiq)q e )(t2 -q e )- 

Proof. Since g = fi © 6i © 62 and fi = 0g e we nave T qe Q = 61 • g e © 62 • g e © (fl • ge)^- Apply the above 
lemma with 6 = ti and V" = 62 ■ <Ze © (fl • qe) ± - For the e > in the statement choose r such that 
< t < e and ||o-([rw 9 J) || < e. Then 

(5.17) r^ [T1)ee]) g = 61 -CT([r« g J) © (T a([TVge]) Exp 8 J(« 2 • q e © (0 • g e ) x ) 

= «1 • ^([TU,.]) © (^([r^]) Ex Pg J(( • O e ) X ) © (r ff([r „ qc]) Exp 9 J(e 2 • qe)- 

since Exp g ^ is a diffeomorphism on Z? C (g ■ q e ) . Since (a, U) is a smooth local section, Z M is closed 
and Gq c -invariant in Bfl (T qe Q)i e \, and (T g( ,Q){ e } is open in T qc Q, it follows that Bfl (2g e Q){ e } is open 
in (fl • ge) -1 and thus we get 

(fl • qe) 1 - = T ff([T „ gJ) ( J B n (T 9c Q) {e} \ 2„) = T [rVqc] a(T [rVqc] U) © 6 ■ <K[™«.])> 

where lo • c([t%J) = {CT, e Q(c([ru qe ]) | C £ 60}. The Gq F -equivariance of Exp ge implies that 

T u qa Exp ?e (£ T , e q (u q<! ) ) = £q (Exp ge («,.)) for all £ 6 £ , Ug c G T 9e Q 
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and hence 

(5.18) (T ff([r „ 9e]) Ex Pg J(( - (Ze ) ± ) 

= ( T *([Tv ge ]) Exp gc oT [TVqc] a)(T [TVq<i] U) © (T a([TVqe]) Exp 9 J(t • o-([rv qe ])) 

= T lrv q ^i T [rv qc ]U) © t • v{{TV qc ]). 

Introducing l|5.18|l in l|5.17|l and taking into account that t = 6 © 6j we get the statement of the 
proposition. □ 

We want to find pairs (v qe ,fi) such that dV^(,- );t )(Exp„ (ru 9e )) = for t > 0. Since Vg( Ti/J ) is G^ T ^y 
invariant, this condition will hold if we only verify it on a subspace of 2b xp ( TVq )Q complementary to 
0/3(t,/j) ' Exp ?E (tv 9c ) = t • Exp 9e (ru 9c ). The previous decomposition of the tangent space immediately 
yields the following result. 

Corollary 5.14. Suppose that /i E 0* is suc/i i/iai fl/3(r,/j) = t /or a^Z t in a neighborhood of zero. Let 
U and a be as in Provosition \5.l3[ [v qe ] E U, and a :— Exp ?<; ocr. Then there is an e > suc/i i/iai 
d^SCr^j^drWqJ) = if and only ifd(Vp( T .^ oct)([t%J) = and d(V 3 ( r , Al) o Exp g J(cr([rw g J))| {2 . ge = 
/or < r < e. 

5.7. The study of two auxiliary functions. Let I be an open interval containing zero. Recall 
that p = dimjj 9c = dim mo- Let z?i be an element of a basis {$i, $2> •••> $p} for trto and define (5 : 
(/ \ {0}) x (mi © ma) -> 0* by 

P(t, h) = Uifi + rU 2 fi + r 2 7?i, 

where IT : g* — > mi — I(q e )i and LT2 : 2* — > m2 = t°. Notice that this function is a particular case of 

/3(r,/i) =n 1 n + T/3'(p)+T 2 /3"([i), 

by choosing /?'(/x) = n 2 /Lt and /3"(//) = #1. Recall that I(g e ) = mi © 1TI2 by Lemma 1531 and that 
Jl(b • <Ze) = I(9e)fl from the definition of Jj,. 

Theorem 5.15. The smooth function Fx : (J\ {0}) x U x 3l(q ■ q e ) M. defined by 

[%J,M) := (^(r^) ° ^(t^J). 
can fee extended to a smooth function on I xU x J^(g ■ g e ), afeo denoted by F\. In addition 

Fi(t, KJ,M) = *b(A0 + r 2 F(r, [«,.], 
where F$, F are defined on Jl(§ ■ <Ze) an d on I x U x J l(q ■ q e ) respectively. 
Proof. Denote v qe := <r([« ge ]) E B n (T 9c Q){ e i. \ Z M . One can easily see that 

(V/J( TlM ) ° *)(T[v qs ]) = ^(Exp ?c (™ 9 . )) + ~ </3(r, M ), I(Exp ?e (™, J)" 1 /?^, . 

By Remark |5.11l the second term is smooth even in a a neighborhood of r = 0. Since the first term 
is obviously smooth, it follows that Vp( T ,n) oa is smooth also in a neighborhood of t = 0. This is the 
smooth extension of F± in the statement. Let {£1, £ p } be a basis for g 9e C t. Then, again by Remark 
15.111 we have 

p / p 

a—1 \ a—1 
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where oti, ct p , r\ are smooth real functions of all their arguments. In what follows we will denote 

V hv qe , p,^a a (T,v qe , fi)€a \ = t)(t, v qe , (i, ai(r, v qe , (J,), Op(r, v qe , fl)). 

Let fi £ Jl(0 • ? e ) — mi rri2 and v qe E B C\ (T gc Q){ e }\Z M . Since in the computations that follow, the 
arguments v q<! and [i play the role of parameters, we shall denote temporarily a a (r) — a a (r, v qe , /tt) , 
a £ {1, ...,_p}, and r?(r,oti, ...,a p ) = rj(T,v qc , fi,ai(r,v qc , fi), a p (r, v q< ,, //)). Then by (|5.11|) we get 

— (0, ai,... ,a p ) =-^a„ ( I(g e ) _1 o I (v 9e ) J £ a 



Formula l|5.3[) shows that 



^-(0,a 1 ,... ! a p ) = 



2^- 



Note that 



^ (T)/ ,)(Exp ge (r Wge ))| r=0 = F(g e ) + ^ (ili/i,!^)" 1 !!^) 



is independent of v Qe . This shows that -Fi(0, = Fo(n) f° r some smooth function on mi © rri2. 

Using Remark 15. Ill we get 



d 



1 / p 

^3(T,At)(Exp ge (™ ge )) = dV(ge)Ke) + 2 ( n 2A i ,X! aa ( ^ a + 7 ?(°' a l> -= a p) 

\ 0=1 



a=l 



The first term dV(q e ) = by Proposition 15.11 (i). Since ry(0, v qa , /1, £) = 77^ = I(g e ) 1 IIi/i e t by 
Proposition 15. 61 we get 

p p 

, Oil , . . Qp ) = ^a a (0)Ca +I(g e )" 1 ni/z € t. 

a— 1 a— 1 

Thus the second term vanishes because rri2 = t°. As -§^-(0, cci, . .. , a p ) = and mi annihilates Q qal the 
third term becomes 

Ili/i, |^(0, ai, ...,a p )y = - J^"a ylli/j, ^(ge)" 1 o T 9c I(u 9e )^ £ a 

Jni M ,i(g e )- 1 n 2/ i^ 

We will prove that each summand in this expression vanishes. • Since (mo, 61) =0, we get 

= (T q J(v qe )£ a , I( 9e )- 1 niAt)=d(I(-Xa.^)(9e)(« ge ) = 
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V^( T)M )(Exp 9e (rw,J) = 



9. 

T=0 



by (|5.7|) because £ Q G Q q<! and 77^ G t. Thus the first summand vanishes. • The second summand equals 

(n lM , oT q j(v qe ) oife)- 1 ) n x/ x) = (rJt(«,.) M/t ) = (t^i^j^,^) 

because (mo, 61) = 0. We shall prove that this term vanishes in the following way. Recall that G fii C t. 
For any £ G t, hypothesis (H) states that CQ(<7e) is a relative equilibrium and thus, by the augmented 
potential criterion (see Proposition 13. 3JI . dV((q e ) = 0. Since 

dV c (q e )(u q J = dV(q e )(u q J - \ (T q I(u q J(,0 

for any u qc G T qe Q and dV(q e ) = by Proposition Ol (i ). it follows that {T q J(u q J(, C) = 0. Thus the 
second summand vanishes. • The third summand is 

'n^Mqcy 1 ^) = (n 2M ,r ?M ) = o 

because rri2 = t°. So, we finally conclude that 

d 

dr~ 

and hence, by Taylor's theorem, we have 

F 1 (t, [«,.], M ) = F (/i) +r 2 J F(r, [« ? J, M ) 
for some smooth function F. □ 

Theorem 5.16. TTie smooth function G% : (I \ {0}) x U x J L (g ■ q e ) —> defined by 
(Gi(r, [vg e ],fi),<;) = d(Vp {T4l) o Exp q J(o-(T[v q<s }))(^ Q (q e )) , ? G 6 2 , 
can 6e smoothly extended to a function on I x U x 3l(& ■ qe), also denoted by G%. In addition, 

G i ( T , [ V q. } , A 1 ) = t G{t, [v qe } , (J,) 
where G : I x U x J l(q ■ q e ) — > 63 * s a smooth function. 

Proof. We will show that Gi is a smooth function at r = and that Gi(0, [%J,/i) = 0. Let w ge = 
o-(KJ). Then 

(Gi(r, [%,],//),?) = dV^ (T)/1 ) (Exp 8e (T« 9 J) (T T%e Ex P(?e (ft?(g e ))) 
= dF(Exp 9e (r« 9 J) (T T „ 9e Ex P?e (ft,(g e ))) 

+ ~ (/3(r,/x), Texp^^jWO" 1 ) (T™,. Ex Pge (? (g e ))) /3(r,/x)) 
= dV (Ex Pge (^ g j) (T T „, e Exp ?c (?g(« e ))) - 5 (/3(r, M ), 

^ExP^C™*,))" 1 or E X p 5e (r U , e )l(Tr„ <!c Exp^ (ft^e))) O I(Exp ?c (m, J)" 1 0(t,M)) 

= dF (Exp 9e (r« g J) (T TVqe Exp ?c (ftj(« e ))) 

~ ^ (C(T,Ug e ,M) 5 JExp 3e (r^jl(r T i; <!e Exp gc (cg^e))) C(t, W 9c , /i) ) > 

where £(t, w ge , /z) := I~ 1 ((Exp gc (rw 9( ,))/3(T, /i). Since C( r : u g e j A*) i s smooth in all variables also at r = 
by Remark l5.11l it follows that (G±(r, [v qe ], /x), is a smooth function of all its variables. This expression 
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at r = equals 

(Gi(0, KJ, /i),?> = d^( ? e)(ftj(?e)) - 5 (C(0, v qc , n), T q J («,(?«)) C(0, u ge , m)> 

= dv(g e )fo( 9e )) - i ((i(? e )[C(o, «,., ?U(o, m)> - ^ (i(ge)C(o, v qe , M ), [C(o, »,.,/*),?]) 

= dV(q e )^ Q (q e )) - <I(g e )C(0 ! u ge , m), [C(0, « 9e , m), ?]> 

by Since F is G- invariant it follows that dy((7e)(^Q(<Ze)) =0. Since £(0, m) = £(0, u 9e , fJ^+T]^ G 

0g e © €i = i (see Remark [5. 11 1) it follows that [C(0,%,,m)>?] G [t, jj]. By Proposition l5.il (ii), we have 
I(g e )t C [g,t]° and hence the second term above also vanishes. Thus we get (Gi(0, [%J,m)>?) = for 
any ? G 6 2 , that is, Gi(0, [%J,m) — which proves the theorem. □ 

5.8. Bifurcating branches of relative equilibria. Let (Q, ((-, -))q,V,G) be a simple mechanical G- 
system, with G a compact Lie group with the Lie algebra g. Let q e G Q be a symmetric point whose 
isotropy group Gg c is contained in a maximal torus T of G. Denote by t G g the Lie algebra of T. Let 
B G (q ■ q e ) ± be a G qe -invariant open neighborhood of 9c G (q- q e ) ± such that the exponential map is 
injective on B and for any q G G • Exp ge (f?) the isotropy subgroup G q is conjugate to a (not necessarily 
proper) subgroup of G qc . Define the closed G qc -invariant subset Z^o —: {v qc G B n (T qe Q)r e y \ detA = 
0}, where / £ mi (D rri2 is arbitrarily chosen and the entries of the matrix A are given in (|5.12(l . Let 
U C [BD {T qa Q){ e } \ Zfjo\/Gq c be open and consider the functions F and G given in Theorems 15.151 and 
l5~T?)l Define G l : I x U x (mi © m 2 ) -> K by 

Gl ( T > [^J^i +M2) := (G(r, [%],Mi +^ 2 ),?i), 
where {q | i = 1, dimt 2 } is a basis for £2- Choose ([t> 9 J, Mi + /i 2 ) G U x (mi © ITI2) such that 

where the partial derivative is taken relative to the variable u G U. Define the matrix 

0(O,KJ,/ii+/i 2 ) g§k(0,K], Mi +M2) ' 
^(0, [«,.], mi +W) g£(0,[« 9 .Ui + W») J' 

where the partial derivatives are evaluated at r = 0, [v qc ],fi = Ml + M2- Here denotes the partial 
derivative with respect to the rri2-componcnt /i 2 of ji. In the framework and the notations introduced 
above we will state and prove the main result of this paper. Let tt : TQ — ► (TQ)/G be the canonical 
projection and 7Z e := n(i ■ q e ). 

Theorem 5.17. Assume the following: 

(H) every v q ^ G t • q e is a relative equilibrium. 

If there is a point ([i>gJ,Mi + M2) ^ U x (mi © rri2) such that 

1) 1(o,[<],m? + mE) = o, 

2) G i (0,[<], M ;+ M 0)=0 

3) Aq^o is nondegenerate, 

then there exists a family of continuous curves 7 Ml : [0, 1] — » (TQ)/G parameterized by \x\ 
m a small neighborhood Vq of /i^ consisting of classes of relative equilibria with trivial isotropy on 



Hb>, 
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7 a»o ],m?„8) (0,1) satls fy™9 



Im X Ml o 



([„° e ],,x°,^) 



c,(0) 



) Ml G t. For Mi,Mi G Vo with Mi 7^ Mij where Vo is as 
above, the above branches do not intersect, that is, 



and %% , o,(°) = Kqile)], where ( = I(g e 



„o>) 



r G 



Suppose that ([i>g e ], m?j M2) 7^ (bgJ' Mi; a4)- (X) -^Mi 7^ Mi then the families of relative equilibria do not 
intersect, that is, 

'CiM.* 00 1 (r ' m) G [0 ' 1] x Vo } n biiMi^ I (t '^ e [o ' 1] x Vi } = ' 

where Vo and Vi are two small neighborhoods of ^ and fi\ respectively such that Vo H Vi = 0. (ii) If 
1 — — r„,0 1 _^ l,i 1 ~,ZT fn\ — /Ti"! £™ ™- ^ n fi ave 



M? 



Mi = /I and [vj ] / [wj ] i/ien 7^ _ (0) ^t 1 ; (0) and /or t > 

[7^0,- ,W ^e(0 J l])p|{ T ^ i (r) r 6(0,1] 



Proof. Let ( J , Mi + M2 ) G ^ x ( m i ©"^2) be such that the conditions 1-3 hold. Because A^o ],/*;+/*§) is 
nondegenerate, we can apply the implicit function theorem for the system (§^-, G 1 )(t, [%J, Ml + M2) = 
around the point (0, [v^J, M1+M2) an d so we can nn( i an open neighborhood J x Vo of the point (0, m?) in 



I x mi and two functions u : J x Vo 
and 



E/ and M2 : J x Vq — > ni2 such that u(Q, Mi) = fa£ ], M2(0, Mi) = M2 



*) ffr( r > u ( T 'Mi),Mi +M2(r,Mi)) = 
ii) G 1 (t, u(t, mi), Mi +M2(t,Mi)) = °- 

Therefore, from Theorems 15 . 1 51 and 15 . 1 61 it follows that the relative equilibrium conditions of Corollary 
15.141 arc both satisfied. Thus we obtain the following family of branches of relative equilibria [(ct(t • 
u(t, Mi)), 0(t, Mi+M2( r , Mi)))]g parameterized by mi G Vo- For r > the isotropy subgroup is trivial and 
for r = the corresponding points on the branches are [(<7([0 g J), Mi]g — [<7e, Mi]g which have the isotropy 
subgroup equal to G qe . This shows that there are points in lZ e from which there are emerging branches 
of relative equilibria with broken trivial symmetry. Using now the correspondence given by Proposition 
I5.3l and a rescaling of r we obtain the desired family of continuous curves 7 Ml : [0, 1] — > (TQ)/G 

parameterized by mi m a small neighborhood Vo of m? consisting of classes of relative equilibria with 
trivial isotropy on 7 Ml (0, 1) and such that 



Im 



and7 Ml (0) = [Cofe)]) where ( = I(q e ) 1 u,i . Eauivalentlv. using the identification given bv H5.16|) 

and by Proposition 15 . 31 we obtain that the branches of relative equilibria 7 Ml (r) G (TQ)/G are 

([»§ e l.Ml>e2> 

identified with [cr(r ■ u(t, Mi)), /3(t, Mi + M2( r , Mi))]g ■ It is easy to see that for mi 7^ Mi we have that 



24 



PETRE BIRTEA, MIRCEA PUTA, TUDOR S. RATIU, RAZVAN TUDORAN 



/3(r, //i + jti2(r,/xi)) ^ /?(r',/4 + jU2(t,/4)) for every r, r' £ [0,1]. Using now the fact that G 9e acts 
trivially on mi we obtain 



7 ( % , o 0) (r) TG [0, 1] f| 7 f D (t) r £ [0, 1] 



In an analogous way, using the same argument we can prove (i). For (ii) we start with two branches of rel- 
ative equilibria, 6i(r,7l) := [a(r -u(t,J1)), (3(t,Jl + fi2{T,Jl))]G qi! and b 2 (r' , ~p) :— [<j{t' -u'(t' ,~p)), 0(t' ,~p+ 
/i 2 (r,7l))] Gijc . For t = t' = we have &i(0,7l) = [0,7Z] G?e = 62(0,71). We also have u(0,7l) = [v q J ^ 
[Vg e ] = u'(0,Jt) and so, from the implicit function theorem, we obtain u(t,Jl) ^ u'(t',JI) for r, r' > 
small enough. Suppose that there exist r, r' > such that 61 (r, /Z) = & 2 (r',7Z). Then using the triviality 
of the G 9e -action on mo we obtain that t 2 vq — t' vq and consequently r = t' . The conclusion of (ii) 
follows now by rescaling. □ 

Remark 5.18. We can have two particular forms for the rescaling j3 according to special choices of 
the groups G and G 9c , respectively, (a) If G is a torus, then from the splitting g = 6 © ti © h, where 
60 = fl 9c , ?o ffiti = t, an d £2 = [0, t], we conclude that t 2 = {0} (since q = i) and consequently m 2 = {0}. 
In this case we will obtain the special form for the rescaling (3 : I x mi — > g* , j3{r,fx) = fi + t 2 vq. 
(b) If is G qe a maximal torus in G, so g q<! = t, then the same splitting implies that t\ = {0} and 
consequently mi = {0}. In this case we will obtain the special form for the rescaling (3 : I x m 2 — > 0*, 

6. Stability of the bifurcating branches of relative equilibria 

In this section we shall study the stability of the branches of relative equilibria found in the previous 
section. We will do this by applying a result of Patrick ^H] on G M -stability to our situation. First we 
shortly review this result. 

Definition 6.1. Let z e be a relative equilibrium with velocity £ e and J(z e ) — /i e . We say that z e is 
formally stable ifd 2 (H — J^')(z e )\ Tz j-i( Me ) is a positive or negative definite quadratic form on some 
(and hence any) complement to g /ie • z e in T z< ,J~ 1 (iJi e ). 

We have the following criteria for formal stability. 

Theorem 6.2 (Patrick, 1995). Let z e s T*Q be a relative equilibrium with momentum value [i e G g* 
and base point q e G Q. Assume that g q<! — {0}. Then z e is formally stable if and only if d 2 V fl (q e ) is 
positive definite on one (and hence any) complement ■ q e in T q<! Q. 

To apply this theorem to our case in order to obtain the formal stability of the relative equilibria on 
a bifurcating branch we proceed as follows. First notice that if we fix /i G mi ® m 2 and [v qe ] G U as 
in Theorem 15. 171 we obtain locally a branch of relative equilibria with trivial isotropy bifurcating from 
our initial set. More precisely, this branch starts at the point 



(lOZe)- 1 !!^) (q e ). 



The momentum values along this branch are /9(r, //), and for r ^ the velocities have the expression 
I(Exp gc (<t(tu(t, ^i)) _1 /3(r, n). The base points of this branch are Exp g<j (o-(tu(t, /^i)). Recall from 
Corollary IS~T1 that we introduced the notation a := Expq e o a that will be used below. By the 
definition of /3(r, ff) we have / g( r . AI ) = t for all r, even for r = 0. The base points for the entire branch 
have no symmetry for r > so we can characterize the formal stability (in our case the T -stability) 
of the whole branch (locally) in terms of Theorem 16.21 We begin by giving sufficient conditions that 
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guarantee the T-stability of the branch, since G J g( T . M ) = T. To do this, one needs to find conditions that 
insure that for t^O (where the amended potential exists) 

d 2 y3(r, M )(CT(™(^Ml))lT [Tu(TiMl)] ?(T [T „ (TiMl)] a)e(T CT([T „ (T , Ml)]) Exp ge )({ 2 - 9c ) 

is positive definite. We do not know how to control the cross terms of this quadratic form. This is 
why we shall work only with Abelian groups G since in that case the subspace ? 2 = {0} and the second 
summand thus vanishes. So, let G be a torus T. By Proposition 15.131 and Theorem 15.151 the second 
variation 

d 2 Vp M {a(Tu(T, Mi))|t [tu(t , w)] <?(t [t „ (t , Mi)] i/) 
coincides for t ^ 0, with the second variation 

(6-1) duFi(r,u(T, m), fii + fi 2 (r, h{))\t 1tu1t:Iii)] u 

of the auxiliary function F\, where denotes the second variation relative to the second variable in 
Fi. But, unlike Vp^^), the function F\ is is defined even at r = 0. Recall from Theorem 15 . 1 51 that on 
the bifurcating branch the amended potential has the expression 

Fi(t, u (t, Mi), fii +/x 2 (t, / Ui)) = F (/xi + /i 2 (r,/ii)) + t 2 F(t, u(r, /zi), /ii + /z 2 (t, Mi)), 

where Fo is smooth on Jz^fl-ge) = I(<7e)fl and F, Fi are both smooth functions on / x U x Jz,(fl • q e ), even 
around r = 0. So, if the second variation of F at (0, [v2] , /it? + /i 2 ) is positive definite, then the quadratic 
form l|tj.lf> will remain positive definite along the branch for r > small. So we get the following result. 

Theorem 6.3. Let + /J,® 6 mi © m 2 and [w"J £ U be as in the Theorem \5.11\ and assume that 
djyF(0, [Vg e ], /xj + /x 2 ) is positive definite. Then the branch of relative equilibria with no symmetry which 
bifurcate form ^I(<7 e ) -1 /!^ [q e ) will be T-stable for r > small. 

A direct application of this criterion to the double spherical pendulum recovers the stability result 
on the bifurcating branches proved directly in ^21- Acknowledgments. We would like to thank 
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